Abstract. Let G be a finite group acting faithfully on a finite vector space M in such a way that the centralizer of every element of M contains a Sylow q-subgroup of G as a central subgroup (for a fixed prime divisor q of jGj with ðq; jMjÞ ¼ 1). Then G is isomorphic to a subgroup of the semi-linear group on M.
Introduction
Let G be a finite group acting faithfully on a module M over a finite field, and let q be a prime divisor of the order of G. An orbit condition of relevance in the representation theory of finite soluble groups (e.g. see the book [9] ) is that the length of every Gorbit on M is not divisible by q, or in other words that the centralizer in G of every element of M contains a Sylow q-subgroup of G. When G is soluble, this situation is rather well understood, and it is described in detail by Manz and Wolf in [9, § §9, 10] : if the action of G on M is primitive or q d 5, then, apart from two exceptions, G is a subgroup of the semi-linear group GðMÞ. On the other hand, if G is not soluble many more cases occur in principle. Consider for example the general linear group G ¼ GLðn; pÞ acting on its natural module M: the centralizer in G of any non-trivial element of M has index p n À 1 in G, and thus contains a Sylow q-subgroup of G for every prime q such that ðq; p À 1Þ ¼ 1 and q divides p k À 1 for 2 c k c n and ðk; nÞ ¼ 1.
One way to make the problem more amenable for arbitrary finite groups is to impose further conditions on the embedding of a Sylow q-subgroup in the centralizers of non-trivial elements of the module. We fix the following notation.
Definition. Let G be a finite group acting on a module M over a finite field, and q a prime divisor of the order of G=C G ðMÞ. We write that The same conclusion need not hold if q coincides with the characteristic of the ground field of M, as shown for instance by the group SLð2; qÞ acting on its natural module. We leave this case for further investigation. As in [8] and [12] , where the property N q was introduced, motivation comes from its relevance to questions regarding conjugacy class sizes and degrees of irreducible characters. Our Main Theorem is used as a central tool in [3] , in order to describe finite groups G in which no conjugacy class size is divisible by the product of two fixed prime divisors of the order of G.
In the course of the proof we will apply an independent result, which also concerns actions with large centralizers. Theorem 1. Let G be a finite group and a an automorphism of G such that ðjGj; jajÞ ¼ 1 and 2 does not divide jaj. Suppose that ½P; a is cyclic for every a-invariant Sylow subgroup P of G ð for any prime divisor of jGjÞ. Then ½G; a is cyclic.
Our proofs are independent of the classification of finite simple groups, but for Theorem 1 we use Bender's classification of groups with a strongly embedded subgroup. All groups considered in this paper are finite.
Preliminaries
In this section we recall some known results that will be repeatedly used and we prove a technical lemma needed later in the paper.
Lemma 2 (see [5, (15. 16)]). Let G ¼ KH be a Frobenius group, with kernel K and complement H. Let F be a field whose characteristic does not divide jKj, and M an In particular, dim M ¼ jHj dim C M ðHÞ.
Lemma 3 (quadratic action, see [7, p. 226] ). Let x be an involution acting on the elementary abelian 2-group M. Then jC M ðxÞj d ffiffiffiffiffiffiffiffi jMj p .
Let M ¼ GFðr m Þ be a finite field (with r prime). Following [9] , we denote by GðMÞ the semi-linear group on M, which consists of all transformations of M of the form x 7 ! ax s , where a A Mnf0g and s is an element of the Galois group GalðM; GFðrÞÞ of M over GFðrÞ. For a detailed description of semi-linear groups, we refer to [9] ; here, we just mention that GðMÞ has a normal cyclic subgroup G 0 ðMÞ isomorphic to the multiplicative group of M, with elements the maps x 7 ! ax for a A Mnf0g, and that GðMÞ=G 0 ðMÞ is isomorphic to GalðM; GFðrÞÞ (hence it is cyclic). Let the group G act faithfully on a GFðrÞ-module M; we say that G embeds in GðMÞ (and write G c GðMÞ) if there is a labelling of the elements of M as GFðr m Þ such that G becomes a subgroup of GðMÞ. In this sense, we will also often write Gðr m Þ for GðGFðr m ÞÞ.
Lemma 4 ([9, Theorem 2.1 and Corollary 2.3]).
Let the group G act faithfully on a finite vector space V and let A be a normal abelian subgroup of G.
(1) If A is irreducible on V , then G may be identified with a subgroup of GðV Þ ðwith A a subgroup of G 0 ðV ÞÞ.
(2) If G is soluble, A ¼ FitðGÞ, and A is homogeneous on V , then G c GðV Þ.
We recall that for a; n A N and a; n > 1, a primitive divisor of a n À 1 is a prime that divides a n À 1 but divides no a k À 1 with 1 c k c n À 1. The existence of primitive divisors in most cases is assured by a famous and much applied theorem of Zsigmondy.
Lemma 5. Let a; n A N and a; n > 1. Then a n À 1 has a primitive divisor except in the following cases:
(i) a ¼ 2 k À 1 and n ¼ 2;
(ii) a ¼ 2 and n ¼ 6.
The following lemma is certainly known; we provide a proof for the convenience of the reader.
Lemma 6. Let r be a prime, 2 c m A N, and t a primitive divisor of r m À 1 ðif one existsÞ. Let T be a subgroup of order t of GLðm; rÞ, and suppose that T normalizes a non-trivial p-subgroup P of GLðm; rÞ, with p an odd prime. Then T centralizes P and P is cyclic.
Proof. We let V be the natural vector space acted on by GLðm; rÞ, and we argue by induction on jPj. Observe that, as t is a primitive divisor of r m À 1, m divides t À 1. Recall also that in GLðm; rÞ the centralizer of an element of order t is cyclic of order r m À 1. Thus it will be enough to show that ½P; T ¼ 1; moreover, as the Sylow t-subgroups of GLðm; rÞ are cyclic, we may assume that p 0 t. Let H ¼ W 1 ðCÞ, where C is a critical subgroup of P (see [1, § §23, 24] ). If T centralizes H then T centralizes P; thus we may assume that H ¼ P. Let A ¼ ZðPÞ; then A d fðPÞ and AT is irreducible on V , as t is a primitive divisor of r m À 1. If the restriction of V to A were not homogeneous, then it would have t homogeneous components, and this would imply that dim V d t > m, a contradiction. Thus V j A is homogeneous, and so A is cyclic. If ½A; T 0 1, then A is the Fitting subgroup of AT, and so by Lemma 4 (2), the group AT embeds in GðV Þ, and in particular tjm, which is a contradiction. Therefore ½A; T ¼ 1. Thus we assume that P 0 A, which implies that P is extraspecial and T centralizes ZðPÞ. Let jP : ZðPÞj ¼ p 2n ; then p n jm by [9, Corollary 2.6]. It follows that t À 1 d p n . But, by the inductive assumption, and coprime action of T on P=fðPÞ, P=fðPÞ is irreducible for T, whence t j p n þ 1. We thus have t c p n þ 1 c t; and this forces t ¼ p n þ 1, which is a contradiction because t is prime and p is odd. r For the statement of the announced technical lemma, let us fix the following notation. Let p be a prime, and a an automorphism of the p-group P; we set
Lemma 7. Let p, q be distinct primes, with p d 5 and q j p À 1. Let a be an automorphism of order q of the p-group P. If jN a 1 ðPÞj c 1, then ½P; a is cyclic.
Proof. Firstly, since q j p À 1 and a 0 1, it is easy to see that N a 1 ðPÞ 0 q. Thus jN a 1 ðPÞj ¼ 1. We proceed by induction on jPj. Since q j p À 1 the center ZðPÞ of P has an a-invariant subgroup X of with jX j ¼ p.
Suppose that ½X ; a ¼ 1. Then a is not trivial on P=X , and so there exists U=X A N a 1 ðP=X Þ. Now U is abelian (of order p 2 ), and U=X ¼ ½U; aX =X ; thus U ¼ ½U; a Â X , and so ½U; a is the (unique) element of N a 1 ðPÞ, and this shows that jN a 1 ðP=X Þj ¼ 1. Therefore, by the inductive assumption, ½P; aX =X ¼ ½P=X ; a is cyclic. Hence P 1 ¼ ½P; aX is abelian and so ½P; a ¼ ½P; a; a ¼ ½P 1 ; a is cyclic. Now suppose that ½X ; a ¼ X , i.e. N a 1 ðPÞ ¼ fX g. Assume by contradiction that jN a 1 ðP=X Þj d 2, and let U=X , V =X be distinct elements of N a 1 ðP=X Þ. Then U, V are abelian, ½U; a ¼ U and ½V ; a ¼ V . Since q j p À 1 and N a 1 ðPÞ ¼ fX g it follows that U and V are both cyclic of order p 2 . Choose u, v with U ¼ hui and V ¼ hvi, and with u p ¼ v p . By the inductive assumption (as U and V are a-invariant), we may assume that P ¼ hu; vi. Then X c fðPÞ, P ¼ P=fðPÞ has order p 2 , and P ¼ ½P; a. In particular C P=fðPÞ ðaÞ ¼ 1:
Let A ¼ fðPÞU, B ¼ fðPÞV . These are proper a-invariant subgroups, and so, by the inductive assumption, ½A; a and ½B; a are cyclic. In particular U ¼ ½U; a char½A; a t A; whence U t A. Since U V fðPÞ ¼ X , we get ½U; fðPÞ c X . Similarly, ½V ; fðPÞ c X . Hence ½P; fðPÞ c X , and thus P has nilpotency class at most 3. Since p d 5, P is regular (see [4, (10. 2)]), and therefore (by [4, (10.5) (1) Lemma 6 does not hold for p ¼ 2. Let r be a prime such that r 2 1 À1 ðmod 5Þ. Then t ¼ 5 is a primitive divisor of r 4 À 1, while the group GLð4; rÞ admits non-nilpotent subgroups which are the extension of an extraspecial group P of order 2 5 by a cyclic group T of order 5 (see [11, §2.4] ). Examples can be found for m ¼ 2 by taking r 1 À1 ðmod 3Þ, t ¼ 3, and recalling that GLð2; rÞ has subgroups isomorphic to SLð2; 3Þ.
(2) Lemma 7 does not hold for p ¼ 3 (and q ¼ 2). For instance, let
Then jPj ¼ 81, and P has an automorphism a of order 2 such that a a ¼ a À1 and 
The condition N q
We begin by recollecting some known easy basic facts. Proposition 8. Let F be a finite field, G a finite group, and M an FG-module such that ðG; MÞ satisfies N q . Let Q be a Sylow q-subgroup of G. Then the following assertions hold:
(1) M is irreducible as an FG-module; (4) This is easy. r
We now treat soluble groups. The main result in this case essentially appears in a paper of Palfy ([10, Main Lemma]), although with a slightly di¤erent hypothesis. We include a proof for completeness. (1) O q ðGÞ is a cyclic q 0 -group, and G c GðMÞ;
(2) G ¼ SLð2; 3Þ, q ¼ 3, and jMj ¼ 3 2 .
Proof. Let Q be a Sylow q-subgroup of G. Assume first that G is not quasi-primitive on M. We apply [9, Theorem 9.3] (with the same notation except that we write M instead of V ); in particular we have q ¼ 2; 3.
Let q ¼ 2. Then G=C is isomorphic either to D 6 or to D 10 , and so N G ðQÞ c CQ ¼ K, where K is the normalizer of a homogeneous component V 1 of M as a C-module. Also jMj is a power of 2 by Proposition 8 (2) 
as, by quadratic action, we must have jC
, and the above equality becomes
which has no integral even solutions k. Although we will use the next lemma under the stronger condition C q , we prove it for N q as this is not much more di‰cult. In it we no longer assume that G is soluble.
Lemma 11. Let ðG; MÞ satisfy N q , with G faithful on M. Suppose that G is not GLð2; 3Þ acting on its natural module. 
where r m ¼ jMj and r s ¼ jC M ðQÞj. If m ¼ 2 then s ¼ 1, and jG : N G ðQÞj ¼ r þ 1, which forces q ¼ r. Thus G is an r-soluble subgroup of GLð2; rÞ, with O r ðGÞ ¼ 1 (by condition N r and faithfulness), and so the only possible cases are r ¼ 2; 3 (see [7, (8.6.12) 2 , and consequently neither 5 nor 31 divides jAutðTÞj. Therefore Q centralizes T, and this is a contradiction since 7 divides jG : N G ðQÞj.
In all other cases there exists a primitive prime divisor p of r m À 1 (which therefore divides jG : N G ðQÞj). Let P be a Sylow p-subgroup of G. Then P is cyclic and con- 
Now P is irreducible on M, and C M ðC Q ðPÞÞ is P-invariant and non-trivial; therefore C M ðC Q ðPÞÞ ¼ M and, by faithfulness, C Q ðPÞ ¼ 1. Thus ½N G ðQÞ; Q ¼ 1 and so, by Burnside's criterion, G is q-nilpotent. Assume first that r m À 1 has a primitive prime divisor p, and let P be a Sylow p-subgroup of G. Then P c N, and so P t N (in fact P c G 0 ðMÞ). Thus P is an abelian normal subgroup of G that is irreducible on M, and, by Lemma 4, G is embedded in GðMÞ. Assume then that r m À 1 has no primitive prime divisors. By the proof of (1) we may thus suppose that r m ¼ 2 6 and q ¼ 2. In this case N c Gð2 6 Þ, and so
Again by Lemma 4, we conclude that G c GðMÞ.
At one stage of the proof of the Main Theorem we need to discuss separately the case in which the Sylow 2-subgroups of G are dihedral or quaternion groups. In this case either G is soluble or it has a normal section isomorphic to SLð2; pÞ, PSLð2; pÞ or A 7 . This motivates the following preliminary discussion of the case of SLð2; pÞ, for which the occurrence of condition N q may be completely described.
Lemma 12. Let r, p be prime numbers such that, for some positive integers a, b,
Then one of the following holds:
(i) a is the order of r modulo p;
Proof. If p ¼ 2 it is immediately seen that case (iii) occurs. Thus let p 0 2, and let k ¼ z p ðrÞ be the order of r modulo p (then kja).
Assume that k 0 a; hence a ¼ ku, with u d 2. Let d ¼ ðb; kÞ (the greatest common divisor), and b ¼ dw (with 1 c w A N). We have
Since, by definition, r k 1 1 ðmod pÞ, we have 
which is not possible as r d 2 and p d 3.
, and it follows from (1) that
Consequently r kðuÀ1Þ r dw c
whence ku À k < k þ dw, which we rewrite as
Let u d 3. Then 2k ¼ 2a=u c 2a=3, and (2) becomes a < 3b. Since bja, the only possibility is a ¼ 2b. Hence the initial assumption reduces to
we write this in the form 2r b ¼ ðp À 1Þð p þ 2Þ. Since p 0 2, the only possible cases that occur are when p ¼ 3,
In both cases a ¼ 2b is the order of r modulo p. Now let u ¼ 2. Then a ¼ 2k, and so d ¼ ðb; kÞ is either b or b=2.
thus yielding ðx À yÞð y À 3Þ c 0:
which is not possible for p a prime divisor of 2
This may happen if p ¼ (1) we have
and p divides ðr k À 1Þ=ðr b À 1Þ. This yields the contradiction
and completes the proof. r Proposition 13. Let G ¼ SLð2; p k Þ ðwith p an odd primeÞ act on the elementary abelian r-group M, and suppose that ðG; MÞ satisfies N q for some prime divisor q > 2 of jGj. Then G is faithful on M, and one of the following holds:
and M is the natural module for G;
(ii) G ¼ SLð2; 5Þ, q ¼ 3, and jMj ¼ 3 4 ;
(iii) G ¼ SLð2; 13Þ, q ¼ 3, and jMj ¼ 3 6 .
Observe that, as we make no assumption of faithfulness, the proposition includes the case of PSLð2; p k Þ as well.
Proof. If p k ¼ 3 the claim is easily checked (it occurs as case (2) in Proposition 9). Thus, let p k > 3. Then G=ZðGÞ is simple, and so the kernel of the action of G on M is either f1g or ZðGÞ. Let jMj ¼ r m , and let P be a Sylow p-subgroup of G. 
, and from this it easily follows that M is the natural module for G.
Assume now that P acts as a group of fixed-point free automorphisms on M. Then r 0 p, and, since P is elementary abelian, jPj ¼ p (and so G ¼ SLð2; pÞ).
Case 2. Suppose that p is not a Fermat prime. Then there exists an odd prime divisor t of p À 1, and a Sylow t-subgroup T of G contained in N G ðPÞ. Now PT is a Frobenius group with kernel P acting on M, and C M ðPÞ ¼ 1. It follows from Lemma 2 that C M ðTÞ 0 1, and so T normalizes a Sylow q-subgroup of G. By the structure of the special linear group this implies that q is also an odd prime divisor of p À 1 (since
By Lemma 12, since p 0 2, we have two possibilities: either m is the order of r modulo p, or b ¼ 2, r ¼ 3 and p ¼ , and so it follows from (3) that
As p is not a Fermat prime, this forces r ¼ 2 and p ¼ 7; 11; 13; 19; 23, or r ¼ 3 and p ¼ 7; 13. The case ðr ¼ 2; p ¼ 7Þ is excluded immediately, while the case ðr ¼ 3; p ¼ 13Þ is excluded because the order of 3 modulo 13 is 3. In all other cases, the order of r modulo p is p À 1, hence m ¼ p À 1, and equation (3) cannot be satisfied.
k À 1Þ, and m ¼ 2k. Then, as 3 divides 1 2 ðp À 1Þ, there exists an element g of order 3 in N G ðPÞ. Since Phgi is a Frobenius group, Lemma 2 implies that 3 divides 2k. Since k is a prime, this forces k ¼ 3, and thus p ¼ 13. Then q must be 3, jC M ðQÞj ¼ 3 2 , and N G ðQÞ has order 24. Suppose that ZðGÞ is the kernel of the action of G on M. Since in G ¼ G=ZðGÞ ¼ PSLð2; 13Þ all involutions are conjugate and there exists a Frobenius subgroup of order 26, it fol-lows from Lemma 2 that all involutions in G centralize a submodule of order 3 3 . This implies that a Sylow 2-subgroup of G (which is elementary abelian of order 4) has non-trivial centralizer on M, and that is not possible. Hence ZðGÞ acts non-trivially on M, and so it acts as the inversion. Then the only elements of G that fix some nontrivial vectors are in the conjugates of Q. It follows that if 0 0 x A C M ðQÞ, then
and so G acts transitively on M Ã ¼ Mnf0g. This is case (iii) in the statement.
Thus, recalling that in SLð2; pÞ the subgroup Q is contained in a cyclic group of order p þ 1, we have
Since p > 3, it follows that r is odd, and p is a primitive divisor of r m À 1. Hence P acts irreducibly on M, and arguing as in one of the previous cases, we find that 2 nÀ1 jm. Thus
As n is a power of 2, this forces n ¼ 2; 4. For n ¼ 4, easy computations show that no data a¤ord the above formula. If n ¼ 2, then p ¼ 5, and we get G ¼ SLð2; 5Þ, r m ¼ 3 4 , r b ¼ 3 2 . Also, q ¼ 3, and we are in case (ii). We finish by observing that cases (ii) and (iii) do occur. Case (ii) is realized by any of the two 2-dimensional representations of SLð2; 5Þ over GFð9Þ, and case (iii) by any of the two 6-dimensional representations of SLð2; 13Þ over GFð3Þ (see [11] for details). r
The condition C q
The following rather elementary observation is the key to most of our inductive arguments, and it seems to be one point at which condition C q plays a crucial role. In the proof of the next preparatory lemma, we use Lemma 7 from Section 2.
Lemma 15. Let q be an odd prime, and G ¼ NQ, with N ¼ O q ðGÞ a q 0 -subgroup and Q A Syl q ðGÞ with jQj ¼ q. Let G act faithfully on the elementary abelian r-group M, with q 0 r 0 2, and assume that ðG; MÞ satisfies C q . Then for every prime divisor p of jNj and every Q-invariant Sylow p-subgroup P of N, ½P; Q is cyclic.
Proof. We proceed by induction on jGj.
Let jMj ¼ r m , jC M ðQÞj ¼ r s , and
We first show that m ¼ sq. If m ¼ 2 then k ¼ r þ 1, and hence q ¼ r, a contradiction. Thus m d 3 and so there exists a primitive divisor t of r m À 1. Let T be a Q-invariant Sylow t-subgroup of N. Then T is cyclic and Q acts fixed-point freely on it; hence TQ is a Frobenius group acting faithfully on M. Since C M ðTÞ ¼ 1, by Lemma 2 we get m ¼ jQjs ¼ qs. It follows in particular that k is odd. Now let p be a prime divisor of jNj, and P a Q-invariant Sylow p-subgroup of N. If p F k, then P c N N ðQÞ ¼ C N ðQÞ and so ½P; Q ¼ 1.
Suppose that pjk and p does not divide jC N ðQÞj. Then P itself is cyclic. In fact, since p is odd, if P is not cyclic there exists x A Pnf1g such that C M ðxÞ 0 1, which implies by C q that x centralizes a conjugate of Q, contradicting the assumption p F jC N ðQÞj.
Finally suppose that p divides both k and jC N ðQÞj. Then p does not divide r s À 1: in fact, if p j r s À 1 then
which is absurd as pjk.
Since p j r m À 1 and since m ¼ sq from Lemma 2, this implies in particular that q divides the order of r modulo p, whence (as q Since A has p þ 1 non-trivial proper subgroups, and X and B have trivial centralizer on M, it follows that there exist (cyclic) subgroups of A with non-trivial centralizer on M, and that the number of them is at most p À 1. Thus A has a non-trivial proper subgroup U such that
where 
and consequently ½P 1 ; Q 1 ¼ ½P 2 ; Q 1 , which is cyclic by the inductive assumption and an argument used before.
Hence we are left with the case jN Q 1 ðPÞj ¼ 1, for which we obtain the desired conclusion by appealing to Lemma 7. r Assuming Theorem 1 (whose proof we postpone to the next section), we now show Lemma 16. Let ðG; MÞ satisfy C q , with jMj ¼ r m for some prime r 0 q, and suppose that G is q-nilpotent. Then G=C G ðMÞ is a subgroup of GðMÞ.
Proof. We may assume that G is faithful on M. Let N be the normal q-complement of G, and Q a Sylow q-subgroup of N. Let X be a subgroup of order q of Q. Then ðNX ; MÞ satisfies C q . By Lemma 15, for every prime divisor p of jNj and every Xinvariant Sylow p-subgroup P of N, ½P; X is cyclic. As q 0 2, by Theorem 1, ½N; X is cyclic. Now ½N; X X ¼ O q 0 ðNX Þ, which is a subgroup of GðMÞ by the soluble case. Hence, by Lemma 11, NX is a subgroup of GðMÞ. In particular, N is soluble, and so, by Corollary 10, G is a subgroup of GðMÞ. r
We may now prove the Main Theorem.
Theorem 17. Let ðG; MÞ satisfy C q , with jMj ¼ r m for some prime r 0 q. Then G=C G ðMÞ is a q-nilpotent subgroup of GðMÞ.
Proof. We assume, by contradiction, that the group G acts on the GFðrÞ-module M satisfying condition C q , with q 0 r, and jGj þ jMj minimal such that G=C G ðMÞ is not embedded in GðMÞ.
Clearly G is faithful on M and, by Proposition 8 (2) we have q 0 2. We set jMj ¼ r m and, for Q A Syl q ðGÞ, jC M ðQÞj ¼ r s . By Proposition 8 (3) we have sjm, and we remark once again that m d 3s (if m ¼ 2s, then the equality jG : N G ðQÞj ¼ r s þ 1 yields r ¼ q, contrary to one of our assumptions). By Lemma 16, we derive a contradiction if we show that G is q-nilpotent. We do this in a number of steps.
Step
Proof. This follows from Proposition 9 and Lemma 11.
Step 2. We may assume that ðr; jGjÞ ¼ 1, and in particular r 0 2.
Proof. Suppose that r divides jGj, and let R be a Sylow r-subgroup of G.
for some Q A Syl q ðGÞ, then by Lemma 14, R normalizes Q, and so R acts on ½M; Q 0 1. As q 0 r it follows that
On the other hand, C M R ðQÞ 0 1, and so R c C G ðQÞ. By the Frattini argument we have
Since Q is abelian we deduce (see [1, (37 
Therefore O q ðGÞ 0 G. By the choice of G, the subgroup O q ðGÞ is q-nilpotent, and so is G.
Step 1 1 1 ðmod q) , forcing q ¼ r against one of the assumptions. In the remaining cases, r b À 1 admits a primitive prime divisor p (recall that r 0 2). Let P be a Sylow p-subgroup of Y . Then P acts without fixed points on M H nf1g. Suppose, by contradiction, that b does not divide m. Then p does not divide r m À 1, and so P normalizes some Sylow q-subgroup Q 1 of G. In particular, P acts on C M ðQ 1 Þ. If C C M ðQ 1 Þ ðPÞ 0 1, then P centralizes Q 1 , and this is absurd since, in Y , the subgroup Q normalizes but does not centralize P. Hence C C M ðQ 1 Þ ðPÞ ¼ 1. It follows that p divides jC M ðQ 1 Þj À 1 ¼ r s À 1. So bjs; and since sjm this gives a contradiction.
Step 4. G is perfect and G=O 2 ðGÞ is quasi-simple.
Proof. Since G ¼ O q 0 ðGÞ and G is not q-soluble, by Proposition 8 (4) and the choice of G we also have O q ðGÞ ¼ G. So, in particular, G is perfect. Let K t G be such that G=K is a non-abelian simple group; since G ¼ O q 0 ðGÞ, q divides jG=Kj. Suppose that q divides jKj. By Proposition 8 (4), the pair ðK; MÞ also satisfies
by Lemma 14, and, by the choice of G, the quotient N G ðQ 1 Þ=C N G ðQ 1 Þ ðM Q 1 Þ is, in particular, soluble. By the Frattini argument we see that N G ðQ 1 Þ=N K ðQ 1 Þ F G=K is perfect, and so
which is a contradiction. Thus M Q 1 ¼ C M ðQÞ, whence (since ðK; MÞ satisfies C q )
As N G ðQ 1 Þ d N G ðQÞ, it follows that N G ðQ 1 Þ ¼ N G ðQÞ, and by the Frattini argument this leads to the contradiction KQ t G. Hence q does not divide jKj. Let t be a primitive divisor of r m À 1. Suppose that t divides jKj, and let T 0 A Syl t ðKÞ. By the Frattini argument G ¼ KN G ðT 0 Þ. Now T 0 is cyclic, hence N G ðT 0 Þ=C G ðT 0 Þ is abelian; and since G is perfect this implies G ¼ KC G ðT 0 Þ. But in GLðm; rÞ the centralizer of T 0 is cyclic, and this gives a contradiction. Thus t does not divide jKj. Let T A Syl t ðGÞ, and let p be an odd prime divisor of jKj, and P a T-invariant Sylow p-subgroup of K. By Lemma 6, T centralizes P. Hence jK : C K ðTÞj is a power of 2, and thus, if D is a T-invariant Sylow 2-subgroup of K,
Since ½K; T t K the subgroup T centralizes K=O 2 ðKÞ. Thus ½K; T G c O 2 ðGÞ. Now G ¼ KT G and G=T G F K=ðK V T G Þ is a q 0 -group; it follows that T G ¼ G and K=O 2 ðKÞ is a central factor of G. Since G is perfect and O 2 ðKÞ ¼ O 2 ðGÞ, we get the conclusion.
Step 5. Let D be a Sylow 2-subgroup of G. Then D is not a cyclic, dihedral, or quaternion group.
Proof. Since G is not soluble, D is not cyclic. Assume that D is a dihedral or quaternion group. Then O 2 ðGÞ is cyclic, dihedral or quaternion; in any case its automorphism group is soluble. Since G is perfect, O 2 ðGÞ c ZðGÞ and thus G is quasi-simple by Step 4, and the Sylow 2-subgroups of G=ZðGÞ are dihedral. From the GorensteinWalters classification of groups with dihedral Sylow 2-subgroups (see e.g. [1] or [7] ) it follows that G is isomorphic to PSLð2; p k Þ or SLð2; p k Þ for some odd p k > 3, or to a covering group of A 7 . Since q 0 r, Proposition 13 rules out the linear cases. Assume that A 7 F G=ZðGÞ, where ZðGÞ is cyclic of order dividing 6. Then the Sylow 3-subgroups of G are non-cyclic, and so G has an element x of order 3 such that C M ðxÞ 0 1. Since the centralizer in G of a non-trivial 3-element is a f2; 3g-group, condition C q implies q ¼ 3. But the normalizer in G of a Sylow 3-subgroup has index 70, which is not of the form ðr m À 1Þ=ðr s À 1Þ.
Step 6. Let Q A Syl q ðGÞ, and let x be an involution in N G ðQÞ. Then x A C G ðQÞ or x acts as the inversion on Q. We now distinguish two cases, according to the existence or not of involutions acting as the inversion on Q. First suppose ðup to Step 11Þ that all involutions normalizing Q centralize it.
Step 7. If x is an involution of G, then either C M ðxÞ ¼ 1 ðand so x is the inversion on M and x A ZðGÞÞ or
Proof. Step 8. Let Q A Syl q ðGÞ. Then Q is cyclic and m ¼ sjQj.
Proof. Since, by
Step 5, the Sylow 2-subgroups of G are not cyclic or quaternion groups, G has an involution x which does not act as the inversion on M. 
where r s 1 ¼ jC M x ðQÞj. Now we have jM x j ¼ jM 1 j, and thus condition C q implies that jC M 1 ðQÞj ¼ jC M x ðQÞj; therefore s 1 ¼ s=2, which finally yields the desired equality m ¼ 2s 1 jQj ¼ sjQj:
Step 9. Let Q A Syl q ðGÞ, then jG : N G ðQÞj is odd.
Proof. Since m ¼ sjQj by Step 8 and r s and jQj are odd, we have that
is odd.
Step 
Since Q is cyclic this forces ½D; Q ¼ 1.
Suppose now that C M ðzÞ ¼ 1. Then z acts as the inversion on M, and z is central in G. Now D is not a cyclic or quaternion group, so it has more than one involution. In particular not all involutions of G are conjugate. Since G ¼ Suppose, by contradiction, that t divides jCj, and let g be an element of C of order t. Then M x ¼ C M ðgÞ by Step 3. On the other hand, g centralizes Q and so it acts on C M ðQÞ. Since C M ðQÞj ¼ r s and s < m=2, it follows that g centralizes C M ðQÞ, whence C M ðQÞ c C M ðgÞ ¼ M x , which contradicts C ½M; x ðQÞ 0 1 (see the proof of Step 7).
Thus t does not divide jCj. Therefore, if T A Syl t ðY Þ, then T F TC=C is a cyclic group. Possibly replacing T by a conjugate, we may assume that T is normalized by Q (since CT t Y and by the Frattini argument); moreover ½T; Q ¼ T, since TC=C c G 0 ðM x Þ and t is primitive. Thus T c Q Y . But Q centralizes C, and so we get that T centralizes C. Hence CT ¼ C Â T, and since CT t Y we have T t Y , and consequently T is characteristic in Y . As D c N G ðY Þ, it follows that D c N G ðTÞ. Then DQ normalizes T; but T is cyclic and thus AutðTÞ is abelian; therefore
On the other hand, Q G C G ðTÞ, and so ½D; Q < Q. Since Q is cyclic, this forces ½D; Q ¼ 1 as required.
Step 11. G is q-nilpotent.
Proof. Let Q A Syl q ðGÞ, jQj ¼ q k , and m ¼ sq k . Then Q is cyclic by Step 8. Suppose that N G ðQÞ=C G ðQÞ 0 1; let p be a prime divisor of jN G ðQÞ : C G ðQÞj and P a Sylow p-subgroup of N G ðQÞ. Then p 0 2 by Step 10. Now P acts on C M ðQÞ. Since P does not centralize Q, P acts without fixed points on C M ðQÞnf1g, and so p divides jC M ðQÞj À 1 ¼ r s À 1. Hence
Therefore p does not divide jG : N G ðQÞj, and thus P A Syl p ðGÞ. Furthermore p j q À 1 by
Step 8, and P=C P ðQÞ is cyclic. Let 1 0 a A P with a p ¼ 1, and assume by contradiction that a B C P ðQÞ. Then we have C C M ðQÞ ðaÞ ¼ 1; also, Qhai is a Frobenius group and so, by Lemma 2,
hence q k À 1 c p, and so p ¼ q À 1. The only possible case is q ¼ 3, but then p ¼ 2, against the fact that p is odd. Otherwise, ðm À sÞ=p ¼ sðq k À 1Þ=p divides m ¼ sq k by Step 3, and this also is impossible. Thus a A C P ðQÞ and so W 1 ðPÞ c C P ðQÞ. Suppose that C M ðbÞ 0 1. Then, by what was observed above and Lemma 14, N G ðhbiÞ c N G ðQÞ, and so, since hbi is characteristic in P, we have N G ðPÞ c N G ðQÞ. As Q is cyclic, N G ðQÞ 0 c C G ðQÞ, and we thus get
Let g A G be such that P V P g 0 1, let 1 0 h A P V P g , and
e. g A N G ðQÞ, and therefore P g A N G ðQÞ, yielding
Otherwise X ¼ hh 1 ; bi is elementary abelian of order p 2 . Thus ½M; Q is generated by the centralizers of the non-trivial cyclic subgroups of X . Let x A X nhbi be such that C ½M; Q ðxÞ is as large as possible. If C M ðxÞ c C M ðQ 1 Þ for some Q 1 A Syl q ðGÞ, then
and thus sðq k À 1Þ c sp c sðq À 1Þ, forcing q À 1 ¼ p ¼ 2, which is not the case. Therefore, by Lemma 14 and the choice of G, ðC G ðxÞ; C M ðxÞÞ satisfies C q and C G ðxÞ=C C G ðxÞ ððC M ðxÞÞ is a q-nilpotent subgroup of GðC M ðxÞÞ. Now, as h A P and b A ZðPÞ, h centralizes X . In particular h A C G ðxÞ V N G ðQÞ and therefore ½h; Q c C Q ðC M ðxÞÞ < Q. Hence h A C P ðQÞ. We have proved in particular that (if C M ðbÞ 0 1) we have P V ðP 0 Þ g c C P ðQÞ for all g A G. Together with (4) and Grü n's theorem (see [4, (3.4) ]), this yields P V G 0 c C P ðQÞ, which contradicts G ¼ O q 0 ðGÞ. Thus C M ðbÞ ¼ 1. Assume that P is not cyclic. Then, as p 0 2, there exists a normal elementary abelian subgroup A of P of order p 2 . Clearly b A A; fix a A Anf1g such that A ¼ ha; bi, and let C ¼ C P ðAÞ. As A V ZðPÞ ¼ hbi, the subgroups hab i i (i ¼ 0; . . . ; p À 1Þ are conjugate in P. Also
Hence jC M ðaÞj ¼ r m=p , and C M ðaÞ G C M ðQ 1 Þ for all Q 1 A Syl q ðGÞ. We now apply the same argument as in Step 10 
is a q-nilpotent subgroup of GðC M ðaÞÞ ¼ Gðr m=p Þ. Let t be a primitive divisor of r m=p À 1 (it exists because m=p 0 2, as q 0 p), and T A Syl t ðY Þ. Suppose that there exists an element x of order t in C; then x centralizes some Q 1 A Syl q ðGÞ and so acts on C M ðQ 1 Þ that has order r s . Since x does not centralize C M ðQ 1 Þ (otherwise C M ðQ 1 Þ c C M ðxÞ ¼ C M ðaÞ which is not the case), by primitivity of t we have m=p c s, which yields q k < p in contrast to p j q À 1. Hence T V C ¼ 1. Then, arguing as in Step 10, one shows that TC ¼ T Â C, and T t Y . As C M ðbÞ ¼ 1, we have hbiC=C t Y =C, and so ½b; T c C V T ¼ 1. Hence T centralizes b. Since T c Y ¼ C G ðaÞ, we have T c C G ðAÞ c Y , and clearly T is characteristic in C G ðAÞ. Now P c N G ðAÞ, whence P, as well as Q, normalizes T. Since T is cyclic we derive the contradiction Q ¼ ½P; Q c C G ðTÞ:
We are left with the case in which P is cyclic. Let B ¼ hbi ¼ W 1 ðPÞ. Then ½B; Q ¼ 1 by what we observed before. Now, as P c N G ðQÞ and Q is cyclic,
and since P is cyclic, this forces N G ðPÞ V N G ðQÞ c C G ðPÞ c C G ðBÞ.
Let W ¼ N G ðBÞ V N G ðQÞ; then P c C G ðBÞ V N G ðQÞ t W , and by the Frattini argument
Therefore, since Q c C G ðBÞ, by applying the Frattini argument once more we have
In particular, N G ðPÞ c N G ðBÞ ¼ C G ðBÞ. Since B ¼ W 1 ðPÞ and P is cyclic, this implies N G ðPÞ ¼ C G ðPÞ. It follows that G is p-nilpotent by Burnside's theorem, and this contradicts O q 0 ðGÞ ¼ G. Therefore, N G ðQÞ ¼ C G ðQÞ, and G is q-nilpotent.
We now turn to the second case: suppose that G has an involution t that acts as the inversion on Q A Syl q ðGÞ.
Step 12. m ¼ 3s, and jG : N G ðQÞj is odd.
Proof. We have t A N G ðQÞ and C M ðtÞ V C M ðQÞ ¼ 1. Since M ¼ C M ðQÞ Â ½M; Q, and t normalizes both factors, C M ðtÞ ¼ C ½M; Q ðtÞ. We have j½M; Qj ¼ r mÀs . Now Qhti is a Frobenius group and so, by Lemma 2,
Some linear actions of finite groups with q 0 -orbits
By
Step 3, either ðm À sÞ=2 divides m or ðm À sÞ=2 c s. Both cases imply m c 3s.
Since m d 3s, we have m ¼ 3s. Then jG : N G ðQÞj ¼ r 2s þ r s þ 1 is odd.
Step 13. Let x be an involution of G. Then C M ðxÞ ¼ C M ðQÞ ðand ½x; Q ¼ 1Þ, for a unique Sylow q-subgroup Q of G, and C G ðxÞ ¼ N G ðQÞ.
Proof. Let x be an involution in G. Then there exists a Sylow q-subgroup Q of G centralized by x: if C M ðxÞ 0 1 this is by condition C q , while if C M ðxÞ ¼ 1 then x is the inversion on M and x A ZðGÞ. By assumption there exists another involution t A N G ðQÞ that acts as the inversion on Q. Now C M ðQÞ is invariant for hx; yi. By condition C q , C C M ðQÞ ðtÞ ¼ 1 and so t acts as the inversion on C M ðQÞ. Suppose that Step 14. Let D A Syl 2 ðGÞ. Then D has rank 2.
Proof. By Step 12 we have D c N G ðQÞ for a Sylow q-subgroup Q of G. Let C ¼ C D ðQÞ and let t A D be an involution inverting Q; then by Step 6, all involutions of D lie in htiC. On the other hand, suppose that C has an elementary abelian subgroup A of order 4. Then there exists x A A such that C M ðxÞ V ½M; Q 0 1 and so x centralizes more than a Sylow q-subgroup, in contradiction to Step 13. Thus C has only one involution, and consequently D has rank 2.
Step 15. Contradiction.
By
Step 12, we have O 2 ðGÞ c N G ðQÞ for any Sylow q-subgroup Q. Hence O 2 ðGÞ c C G ðQ G Þ ¼ ZðGÞ; therefore G is quasi-simple by Step 4. By
Step 13, no involution of G can be central, hence jZðGÞj is odd and so, by Step 14, G ¼ G=ZðGÞ is a simple group with Sylow 2-subgroups of rank 2. By a fundamental result on finite simple groups (see [1, Theorem 48 .1]), G is isomorphic to one of the groups PSLð2; sÞ; PSLð3; sÞ; PSUð3; sÞ with s odd; A 7 ; M 11 ; PSUð3; 4Þ: Now PSLð2; sÞ and A 7 have dihedral Sylow 2-subgroups, and are excluded in Step 5. For the remaining cases, fix an involution t in G. If G is PSLð3; sÞ with s odd and s d 5, then C G ðxÞ F GLð2; sÞ=K where jKj ¼ 1; 3. But, by
Step 13, C G ðxÞ ¼ N G ðQÞ for a Sylow q-subgroup Q of G. As s d 5, this forces Q to be central in C G ðxÞ and this gives a contradiction (for instance, by Burnside's p-nilpotency criterion, or because we assume that there exists an involution normalizing but not centralizing Q). If G is PSLð3; 3Þ or M 11 , then C G ðxÞ F GLð2; 3Þ and again, as Q is not central in C G ðxÞ ¼ N G ðQÞ, we get a contradiction. The unitary cases are similar: if s is odd, then C G ðtÞ is a cyclic extension of SLð2; sÞ and so any normal subgroup of odd order of C G ðtÞ ¼ N G ðQÞ is central; if q ¼ 4 then the Fitting subgroup of C G ðtÞ is a 2-group, and so C G ðxÞ ¼ N G ðQÞ cannot be satisfied with q odd. r 6 Proof of Theorem 1 Theorem 1 may be proved by appealing to the full classification of finite simple groups. First one reduces easily to the case in which G is simple (as in the first part of the proof of Theorem 25); then the classification ensures that G is a group of Lie type and a a field automorphism. A case-by-case analysis (similar to that at the end of the proof of Theorem 25) would complete such a proof. However, we give a proof which does not rely on the classification (although it uses some deep results that are part of it, like Bender's classification of groups with a strongly embedded subgroup).
Let us recall that a subgroup H of a finite group G is said to be strongly embedded if H has even order and H V H g has odd order for all g A GnH. Groups with strongly embedded subgroups were classified by Bender (see [7] ). We first observe some elementary consequences of these assumptions.
Lemma 18. Assume Hypothesis I. Then a centralizes a Sylow 2-subgroup T of G. Also, there exists an involution t of T such that C G ðtÞ G C G ðaÞ.
Proof. By coprime action, a normalizes a Sylow 2-subgroup T of G. By assumption (d), T 0 G and thus ½T; a is cyclic. But a cyclic 2-group does not admit non-trivial automorphisms of odd order, and so ½T; a ¼ 1, proving that a centralizes T.
For the second part, let H ¼ C G ðaÞ. Since G does not admit any strongly embedded subgroups, there exists g A GnH such that H V H g contains an involution t. As T c H we may assume t A T. Now let Q ¼ hai. Then t centralizes Q and Q g (as subgroups of GQ). By Sylow's theorem, there exists x A C G ðtÞ such that Q g ¼ Q x , and thus gx Before we continue the study of implications of Hypothesis I, let us recall some well-known auxiliary facts; proofs are included for convenience. We recall that, for a prime p, the p-rank of a group G is the largest dimension (as GFðpÞ-vector space) of the elementary abelian p-subgroups of G.
Lemma 20. Let T be a Sylow 2-subgroup of the group G, and N a normal subgroup of T such that T=N is cyclic. Suppose that T has an involution t such that no G-conjugate of t belongs to N. Then O 2 ðGÞ 0 G.
Proof. This follows easily from [1, (37.4) ]. r
be a group with 2-rank at least 3. Then every involution of G lies in an elementary abelian 2-subgroup of rank 3.
Proof. Let u be an involution of G, and assume by contradiction that no elementary abelian 2-subgroup of order 8 contains it. Let S be a Sylow 2-subgroup of G containing u. Since S has rank at least 3, it has a normal elementary abelian subgroup B of order 4 (see e.g. [4, Satz 7.6] ). Let C ¼ C S ðBÞ. By our assumption, u does not centralize B, hence C has index 2 in S and S ¼ Chui. Since O 2 ðGÞ ¼ G, Lemma 20 implies that u g A C for some g A G. Thus u g centralizes B and it easily follows that u g lies in an elementary abelian 2-group A of rank 3; but then u A A g À1 , which is a contradiction. r Lemma 22. Let G be a 2-group with A ¼ W 1 ðZðGÞÞ F C 2 Â C 2 , and x an automorphism of order 2 of G. Suppose that C G ðxÞ is cyclic. Then ½G; x is cyclic, and G has at most three generators. If, further, G admits an automorphism that moves hzi ¼ C A ðxÞ, then G is abelian of rank 2.
Proof. Observe that if z is the unique involution in C G ðxÞ, then z A ZðGÞ. Among all elements of type ½g;
The map g 7 ! ½g; x is a homomorphism of G whose kernel is C G ðxÞ, and so hzi F G=C G ðxÞ. Then G has a maximal cyclic subgroup and the rest of the result follows easily.
Thus, suppose that jbj d 4. Let b 1 be an element of order 4 of hbi; then b 
. But we observed above that b 0 centralizes an element c 1 of order 4 of C G ðxÞ. Since C G ðxÞ is cyclic it follows that jcj ¼ 2 and so c A hbi, which is a contradiction. Thus hbi ¼ ½G; x is cyclic. In particular, B ¼ ½G; x is the set of all elements of the form ½g; x, and so it is in one-to-one correspondence with the set of (left) cosets of G modulo C G ðxÞ. Thus jBj ¼ jG : C G ðxÞj. Since B V C G ðxÞ ¼ hzi, we have jC G ðxÞBj ¼ jGj=2. As both C G ðxÞ and B are cyclic, we get that G is at most threegenerated.
Finally, let W ¼ AutðGÞ and assume that some y A W moves z. Then, as A is characteristic in G, W =C W ðAÞ is isomorphic to S 3 , and so we may suppose that jyj is a power of 3, and y cyclically permutes a, az and z. Since y is faithful on G=fðGÞ and G is at most three-generated, we get jyj ¼ 3. Then one checks that y acts on A as ½y; x does. Since x is an involution, x inverts ½ y; x, so we may also suppose that y is inverted by x. Then C G ðyÞ is x-invariant and so if C G ð yÞ 0 1, x fixes some elements of it. But z is the only involution centralized by x, and it is moved by y; hence y acts fixed-point freely on G. Then G is two-generated, because y acts fixed-point freely on G=fðGÞ also. It follows that G ¼ hg; g y i for some g A G, and so G is abelian (of rank 2) by [7] . r For a complete treatment of the situation in Lemma 22, we refer to Janko's paper [6] . 
contains an involution t, and we may assume t A T. If t is not the inversion on E, then C E ðtÞ 0 1, and so C G ðtÞ c M. Hence C E g ðtÞ ¼ 1, and t acts as the inversion on E g ; thus t g À1 is the inversion on E, and by taking a suitable conjugate we get that T has an involution u acting as the inversion on E. r Proposition 24. Assume Hypothesis I. Then the Sylow 2-subgroups of G have rank at most 2.
Proof. Let T be a Sylow 2-subgroup of G with T c C G ðaÞ and assume, by contradiction, that rkðTÞ d 3. Let M be the unique element of L Ã ðGÞ containing T and E ¼ yðMÞ ¼ ½M; a. Also, write S ¼ C T ðEÞ and X ¼ W 1 ðSÞ; observe that S is a Sylow 2-subgroup of C M ðEÞ, and that, by Lemma 23, there exists an involution u A TnS which acts as the inversion on E.
Since rkðTÞ d 3, T has a normal elementary abelian subgroup A of order 4, and jT : C T ðAÞj c 2. Now every involution in C T ðAÞ lies in an elementary abelian subgroup of order 8 of T, whence W 1 ðC T ðAÞÞ c X by Lemma 23; in particular, C T ðAÞ 0 T and so jT : Sj ¼ 2.
Recalling that u is an involution of T acting as the inversion on E, we have T ¼ C T ðAÞhui, and, by Lemma 20, there exists g A G such that u g
À1
We next show that all involutions in T that act as the inversion on E are conjugate to z. In fact, it is enough to prove that u is conjugate to z. By Lemma 20, there exists g A G such that u g A C T ðAÞ; note that this forces g B M. Then u g centralizes E and so C G ðu g Þ c M. Since z g centralizes u g , we have z g A M, and there exists y A M such that hz g ; u g i c T y . Now z g B X y , for otherwise z g centralizes E y ¼ E and thus E g ¼ E and g A M. Hence C X y ðz g Þ contains only one involution that must be z y . On the other hand u g centralizes both E and z g , and so u g A X y V C M ðz g Þ. Therefore u g ¼ z y , and consequently u ¼ z yg À1 . Now z g B M for some g A G. Otherwise U ¼ hzi G c M and U 0 0 1 by assumption (d); but U 0 centralizes E, and so U 0 c ZðGÞ, against (d). Consider the dihedral subgroup D ¼ hz g ; ai (recall that hz; ai ¼ A). Since z and a are not conjugate in G, D contains a central involution t. Since t A C G ðaÞ c M, t acts on E; if C E ðtÞ 0 1, then C G ðtÞ c M, and we get the contradiction z g A C G ðtÞ c M. Thus t acts as the inversion on E. By what we have proved before, t is then conjugate to z. Let t ¼ z y ; then, similarly, a acts as the inversion on E y and so a is conjugate to z. This contradiction finishes the proof of the proposition. r Theorem 25. Let a be an automorphism of odd prime order q of the group G, and ðjGj; qÞ ¼ 1. Assume that ½P; a is cyclic for every a-invariant Sylow subgroup P of G ð for every primeÞ. Then ½G; a is cyclic.
Proof. We argue by induction on jGj. The inductive assumption gives that ½H; a is cyclic for every proper a-invariant subgroup H of G. Since, by coprime action, ½G; a; a ¼ ½G; a, we also may suppose that G ¼ ½G; a.
We show that G is non-abelian simple. Let M be a minimal normal a-invariant subgroup of G; then G=M ¼ ½G; aM=M ¼ ½G=M; a is cyclic by the inductive assumption. Suppose that M 0 G; hence ½M; a is cyclic. If M c C G ðaÞ, then G ¼ ½G; a c C G ðMÞ, that is, M c ZðGÞ. Thus G is abelian, and it immediately follows that ½G; a is cyclic. Therefore, we assume 1 0 ½M; a. Since ½M; a t M and M is minimal normal in Ghai, it follows that M is an elementary abelian p-group for a prime p, and G is soluble. If G is nilpotent there is nothing to prove. Otherwise, let H be a a-invariant p 0 -Hall subgroup of G; then H F HM=M is cyclic and ½H; a ¼ H. Thus Hhai is a Frobenius group acting on M. Since G is not nilpotent C M ðHÞ 0 M. On the other hand, HM t Ghai (since G=M is cyclic), and so we get C M ðHÞ ¼ 1 as M is minimal normal. Therefore, by Lemma 2, rkðMÞ ¼ rkð½M; aÞ þ rkðC M ðaÞÞ ¼ 1 þ rkðMÞ=q; which contradicts q > 2. Thus we are left with the case M ¼ G. If M is a p-group then ½G; a is cyclic by assumption. Otherwise G is the direct product of s copies of a non-abelian simple group, and in particular jGj is even. Since a centralizes a Sylow 2-subgroup of G, it follows that s ¼ 1, and so G is non-abelian simple.
Suppose now that G admits a strongly embedded subgroup. Then, by Bender's theorem ( [7, p. 369] ), G is isomorphic to one of the following groups: PSLð2; 2 n Þ; Szð2 2nÀ1 Þ; PSUð3; 2 n Þ:
But none of these groups admits outer automorphisms of coprime order that centralize a Sylow 2-subgroup. In fact (see [2] ), outer automorphisms of coprime order of groups of Lie type are field automorphisms, and so they do not centralize a Sylow 2-subgroup, which in all of these cases is a unipotent radical. Thus the pair ðG; aÞ satisfies Hypothesis I. Then, by Proposition 24 and the classification of simple groups with Sylow 2-subgroups of rank 2, we have that G is isomorphic to one of the following groups:
PSLð2; rÞ; PSLð3; rÞ; PSUð3; rÞ with r odd; A 7 ; M 11 ; PSUð3; 4Þ: Now A 7 , M 11 and PSUð3; 4Þ do not admit automorphisms of coprime order. For the other cases let r ¼ p m with p an odd prime. Then a is induced by an automorphism of the field GFð p m Þ, and so qjm. If U is a a-invariant Sylow p-subgroup of G, then U is a unipotent radical of G, and it has order p m or p 3m , nilpotency class at most 2, and exponent p. Thus if ½U; a is cyclic, then j½U; aj ¼ p. But then jC U ðaÞj ¼ jUj=p and this cannot be the case, since jC U ðaÞj is equal to the order of the corresponding unipotent radical over the fixed-point field GFð p m=q Þ for a, and q > 2. r
Remarks.
(1) The conclusion of the theorem is not true for q ¼ 2. For instance, let p be a prime with p 1 À1 ðmod 3Þ, and let the group S 3 act faithfully (and irreducibly) on an elementary abelian group M of order p 2 . Let A be the subgroup of order 3 in S 3 and a an involution of S 3 . Then a acts on the odd order group G ¼ MA, fixing the Sylow subgroups A and M. We have that A ¼ ½A; a and ½M; a are cyclic, while G ¼ ½G; a is not.
(2) The theorem has been stated and proved for jaj an odd prime, but an easy induction shows that it holds for jaj odd and ðjGj; aÞ ¼ 1 (in fact this is Theorem 1).
